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1. INTRODUCTION
Let p . 2 be a prime number, Fp be a prime finite field with p elements
which we identify with the set h1, 2, . . . , pj. Let f (x) be a polynomial of
degree . 1 with coefficients in Fp and define
Sp( f ) 5 O
x[Fp
Sf (x)p D,
where (a/p) is Legendre symbol:
SapD5 5
0 if a 5 0
1 if a ? 0 and a is a square in Fp
21 if a is not a square in Fp
As a consequence of Weil’s result [9] we have [3, Section 1.3] that if m is
the number of distinct roots of f in its splitting field over Fq , x is a nontrivial
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multiplicative character of Fq of exponent s, and f is not an sth power of
a polynomial, then
UO
x[Fq
x( f (x))U# (m 2 1)q1/2.
Karatsuba [4] and Mit’kin [7] proved existence of a square-free polynomial
in Fp[x] of degree n $ 2(p log 2/log p 1 1) for which
Sp( f ) 5 Op
x51
Sf (x)p D5 p.
Therefore the Weil estimate cannot be sharpened essentially, for example to
U O
x[Fq
x( f (x))U# ((m 2 1)q)1/2.
Later Stepanov [8] gave a very simple proof of this result by using the
Dirichlet pigeon-hole principle and extended it to the case of incomplete
sums
SN 5 ON
x51
Sf (x)p D, 1 # N # p.
Namely, he proved the existence of a square-free polynomial f (x) [ Fp[x]
of degree $ 2 ((N 1 1)log 2/log p 1 1) for which
SN( f ) 5 ON
x51
Sf (x)p D5 N.
In his book [3, Section 2.1.3, problem 15] he has shown that the same
method can be used to get similar results for an additive character.
We will prove the following theorem which gives an extension of this
result to the case of arbitrary nontrivial multiplicative characters of an
arbitrary finite field Fq .
THEOREM 1. Let q 5 pm, p a prime number, B 5 hx1 , x2 , . . . , xNj #
Fq an arbitrary subset of Fq , and x a nontrivial multiplicative character of
INCOMPLETE CHARACTER SUMS 175
Fq . Let s . 1 be an exponent of x. Assume N 5 c(q) log q and n $ 1 is
an integer satisfying
n $
N log s
log q
2
N log(1 2 1/q) 1 log(1 2 Kq(1 2 1/q)2N)
log q
(1)
1
log(1 2 s2N)
log q
1 RN,q ,
where
0 # Kq # 5 log
q
q 2 1
(2)
and
uRN,qu # SM log qq D2 1(1 2 1/q)N 2 Kq (3)
and also where:
(i) if c(q) R y as q R y, then M 5 e/log s;
(ii) if there exists C9 such that c(q) # C9 as q R y, then M 5 C9.
Then there exit at least s 2 1 distinct monic sth-power free polynomials
hi(x), i 5 1, 2, . . . , s 2 1, in Fq[x] of degree # sn such that
ON
j51
x(hi(xj)) 5 N
for each i 5 1, 2, . . . , s 2 1.
Remark 1. Theorem 1 can be compared with Elliott’s result on a lower
bound of the least non-residue for a prime finite field.
Let x be a nontrivial multiplicative character of Fq of exponent s. Let
s , q1/2. Define Aq,s 5 h f [ Fq[x]: f Ó (Fq[x])s and deg f # sj. There exists
a subset B # F*q such that f (B) Ü (Fq)s for each f [ Aq,s , for instance B 5
F*q by Weil’s result.
Define h(q, s) as the minimum of the cardinalities of the sets satisfying
the property that B # F*q and f (B) Ü (Fq)s for each f [ Aq,s . Then as a
result of Theorem 1, h(q, s) . ds log q for large q, where ds . 0.
Define Bg(p,s) 5 h1, 2, . . . , g(p, s)j # F*p . If f (Bg(p,s)) Ü (Fp)s for each
f [ Ap,s , then g(p, s) $ h(p, s) . ds log p for large p where ds . 0.
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This result is similar to Elliott’s result [6, 5]:
If f (Bg(p,s)) Ó (Fp)s for f (x) 5 x, then g(p, s) . ds log p for infinitely
many p where ds . 0.
Note that our result holds for each sufficiently large prime number, while
Elliott’s result holds only for infinitely many prime numbers.
For the incomplete additive character sums we will prove the following
theorems. Denote by c a nontrivial arbitrary additive character of Fq , i.e.,
c(x) 5 e2fi(tr(ax)/p), where a [ F*q .
For simplicity we can restrict ourselves to the case a 5 1.
THEOREM 2. Let q 5 pm, p a prime number, B 5 hx1 , x2 , . . . , xNj #
Fq an arbitrary subset of Fq , and 0 , « , 1/2f. Let 1 # n # q1/2 be an
integer satisfying
n 2 FnpG$ N log[(p 2 1)/p« 1 1]m log p 1 log(2 1 [(p 2 1)/p« 1 1]2N)m log p . (4)
Then there exists a polynomial f (x) [ Fq[x] such that 1 # deg f # n,
tr( f (Fq)) ? h0j, i.e., not identically zero on Fq , (5)
and
UON
j51
c( f (xj))U$ N(1 2 2f«). (6)
For large p we can improve Theorem 2 by a stronger condition on f.
THEOREM 29. Let q 5 pm, p a prime number, B 5 hx1 , x2 , . . . , xNj #
Fq an arbitrary subset of Fq , and 0 , « , 1/2f 2 1/p. Let n $ 1 be an
integer satisfying
Fn 1 1m G$ N log[(p 1 p«)/(1 1 p«)]log p
(7)
1
log(1 1 [(p 1 p«)/(1 1 p«)]2N)
log p
.
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Then there exists a polynomial f (x) [ Fq[x] of degree # n such that
tr( f (B)) ? h0j, i.e., not identically zero on B,
and
UON
j51
c( f (xj))U$ NS1 2 2fS1p 1 «DD. (8)
Moreover considering Fq as an Fp vector space if x1 , x2 , . . . , xN are collinear
over Fp (i.e., there exists w [ Fq such that xj 5 wcj , cj [ Fp j 5 1, 2, . . . ,
N) then n must satisfy
n 1 1 $
N log[(p 1 p«)/(1 1 p«)]
log p
1
log(1 1 [(p 1 p«)]/(1 1 p«)]2N)
log p
(9)
instead of inequality (7).
2. NOTATION AND LEMMAS
In this paper we will denote by Fq an arbitrary finite field of order q 5
pm, p a prime number. (?/q) will represent the (generalized) Legendre
symbol for Fq defined as follows:
SaqD5 5
0 if a 5 0
1 if a ? 0 and a is a square in Fq
21 if a is not a square in Fq .
We will prove three lemmas. Lemma 1 is used for Theorem 1.
LEMMA 1. Let q 5 pm, p a prime number, B 5 hx1 , x2 , . . . , xNj # Fq
an arbitrary subset of Fq , and 1 # n , N # q. Moreover let An denote the
set of polynomials in Fq[x] having the following properties:
(i) the degrees of the polynomials are # n,
(ii) the polynomials have no root in B,
(iii) The polynomials are not of the form g(x)2h(x), where g(x) is a
monic irreducible polynomial of degree $ 1.
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Then
uAnu $ qn11SS1 2 1qDN 2 KqD1 Cq,N,n , (10)
where
0 # Kq # 5 log
q
q 2 1
(11)
and
uCq,N,nu # S Nn 1 1D. (12)
Proof. Let E1 be the set of all polynomials in Fq[x] whose degrees are
# n and which have at least one root in B. Let E2 be the set of all polynomials
in Fq[x] whose degrees are # n and which have no root in B. Then using
exclusion–inclusion arguments we have
uE2u 5 qn11 2 uE1u
and
uE1u 5 SN1D qn 2 SN2Dqn21 1 ? ? ? 1 (21)n11 SNnD q
so
uE2u 5 qn11 SS1 2 1qDN 2 ((21)n11 S Nn 1 1D 1qn11 1 ? ? ? 1 (21)N SNND 1qNDD
5 qn11 S1 2 1qDN 1 Cq,N,n ,
where
uCq,N,nu # S Nn 1 1D.
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Let S be the set of all polynomials of degree # n and of the form g(x)2h(x),
where g(x) is a monic irreducible polynomial of degree $ 1. Let Sk be the
set of all polynomials in S of the form gk(x)2h(x), where gk is a monic
irreducible polynomial of degree k. Then
uSu # O[n/2]
k51
uSku.
It is well-known that (see for example [1, p. 93]) the number of monic
irreducible polynomials of degree k is
Nq(k) 5
1
k Oduk e(d)qk/d 5 1k qkck ,
where e is the Mo¨bius function and
1 2
qk 2 q
qk(q 2 1)
# ck # 1.
Then using exclusion–inclusion arguments
uSku # Sqk/k1 D qn1122k 1 ? ? ? 1 (21)[n/2k]11 S qk/k[n/2k]D qn112[n/2k]2k,
where we used generalized binomial coefficients.
uSku # qn11 S 1kqkD1 qn11R9k , where uR9ku # 1kq2k
O[n/2]
k51
uSku # qn11 log
q
q 2 1
1 qn11R9, where R9 # 4 log
q2
q2 2 1
,
so
uSu # qn115 log q
q 2 1
.
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Therefore
uAnu $ uE2u 2 uSu $ qn11 S1 2 1qDN 1 Cq,N,n 2 qn115 log qq 2 1
(13)
uAnu $ qn11 SS1 2 1qDN 2 KqD1 Cq,N,n . n
The set An includes the set of all of the irreducible polynomials of degree
n. Stepanov used this subset instead of An . Since An has more elements
our bound is slightly better than Stepanov’s bound.
Lemma 2 and Lemma 3 are used for Theorem 29. Lemma 2 is a special
case of Lemma 3 with a better bound.
LEMMA 2. Let q 5 pm, p a prime number, B 5 hx1 , x2 , . . . , xNj # Fq
be given, and 1 # n , N # q. Moreover let x1 , x2 , . . . , xN be collinear
over Fp . Define An as the set of all polynomials in Fq[x] of degree # n. Let
t be the linear map between the Fp vector spaces
t : An R p
N
i51
Fp (14)
with
t( f ) 5 (tr( f (x1)), tr( f (x2)), . . . , tr( f (xN))). (15)
Then the rank of the corresponding matrix is $ n 1 1.
Proof. Each f [ An can be written as f (x) 5 o
n
k50 akxk, ak [ Fq . There
exists a normal basis hw1 , w2 , . . . , wmj # Fq for Fq as a vector space over
Fp such that wi 5 wp
i21
, i 5 1, 2, . . . , m for some w [ Fq . Then
ak 5 Om
j51
ak,jwj , ak,j [ Fp ,
f (x) 5 On
k50
Om
j51
ak,jwj xk.
By additivity of trace
tr( f (x)) 5 On
k50
Om
j51
ak,jtr(wj xk).
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Thus the matrix of this map is
AN,B 53
tr(w1) ? ? ? tr(wm) tr(w1x1) ? ? ? tr(wm x1) ? ? ? ? ? ? tr(w1xn1) ? ? ? tr(wm xn1)
tr(w1) ? ? ? tr(wm) tr(w1x2) ? ? ? tr(wm x2) ? ? ? ? ? ? tr(w1xn2) ? ? ? tr(wm xn2)
.
.. .
.. .
.. .
.. .
.. .
..
tr(w1) ? ? ? tr(wm) tr(w1xN) ? ? ? tr(wm xN) ? ? ? ? ? ? tr(w1xnN) ? ? ? tr(wm xnN)
4
Ftr(w1) tr(wj x1)
tr(w1) tr(wj x2)
G is a submatrix of AN,B .
tr(wj) ? 0 for any j 5 1, 2, . . . , m. Moreover for some j, 1 # j # m,
tr(wj(x2 2 x1)) ? 0, if x2 ? x1 ; since otherwise tr(a(x2 2 x1)) 5 0 for each
a [ Fq so tr(b) 5 0 for each b [ Fq . Then rank AN,B $ 2. Define AN,B( j1 ,
j2 , . . ., jn), 1 # ji # m, i 5 1, 2, . . . , n, which is a submatrix of AN,B ,
as below:
AN,B( j1 , j2 , . . . , jn) 53
tr(w1) tr(wj1x1) tr(wj2x
2
1) ? ? ? trwjnx
n
1)
tr(w1) tr(wj1x2) tr(wj2x
2
2) ? ? ? tr(wjnx
n
2)
.
.. .
.. .
.. .
..
tr(w1) tr(wj1xn11) tr(wj2x
2
n11) ? ? ? tr(wjnx
n
n11)
4.
Using the facts that
(i) x1 , x2 , . . . , xN are collinear over Fp ,
(ii) AN,B( j1 , j2 , . . . , jn) is similar to the Vandermonde matrix, we can
bring AN,B( j1 , j2 , . . . , jn into an equivalent form AN,B( j1 , j2 , . . . , jn),
which is
AN,B( j1, j2 , . . . , jn)
53
tr(w1) p ? ? ? p
0 tr(wj1(x2 2 x1)) ? ? ? p
.
.. .
.. .
..
0 0 ? ? ? tr(wjn(xn 2 xn21)(xn21 2 xn22) ? ? ? (x2 2 x1))
4 ,
where p represents a don’t care entry. Since x1 ? xj2 if j1 ? j2,
AN,B( j1, j2, . . . , jn) is nonsingular. Therefore rank t $ n 1 1. n
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LEMMA 3. Let q 5 pm, p a prime number, B 5 hx1 , x2 , . . . , xNj # Fq
be given and 1 # n , N # q. Define An as the set of all polynomials in
Fq[x] of degree # n. Let t be the linear map between the Fp vector spaces
t : An R p
N
i51
Fp (16)
with
t( f ) 5 (tr( f (x1)), tr( f (x2)), . . . , tr( f (xN))). (17)
Then the rank of the corresponding matrix is $ [(n 1 1)/m].
Proof. We know f (x) 5 onk50 o
m
j51 ak, jwjxk, where ak, j [ Fp, wj 5
wp
j21
forming a normal basis:
tr( f (x)) 5 f (x) 1 f (x)p 1 ? ? ? 1 f (x)p
m21
and ( f(x))p
n
5 On
k50
Om
j51
ak, jwp
n
j xkp
n
, 0 # n # m 2 1.
Define ji,n 5 xp
n
i , i 5 1, 2, . . . , N. By normality of the basis, wp
n
j 5 wj1n .
Therefore f [ Ker(t) if and only if
tr( f (xi)) 5 Om21
n50
On
k50
Om
j51
ak, jwj1nj ki,n 5 0 for each 1 # i # N. (18)
We can write the system (18) in matrix notation as
(A˜N,B)N3(n11)m2(b˜N,B)(n11)m231 5 (0)N31 , (19)
where
A˜N,B 53
A1,0 A1,1 ? ? ? A1,m21
A2,0 A2,1 ? ? ? A2,m21
.
.. .
.. .
..
AN,O AN,1 ? ? ? AN,m21
4 , b˜N,B 53
b0
b1
.
..
bm21
4
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with
m times m times m times
Ai,v 5 3          4 ,1 ? ? ? 1 j i,n ? ? ? j i,n ? ? ? j ni,n ? ? ? j ni,n
bn 5
a0,1w11n
a0,2w21n
.
.
.
a0,mwm1n
a1,1w11n
a1,2w21n
.
.
.
a1,mwm1n
.
.
.
.
.
.
an,1w11n
an,2w21n
.
.
.
an,mwm1n
.
There is a natural isomorphism between FP vector spaces An and
P(n11)mi51 Fp . Therefore Ker(t) 5 h(a0,1 , . . . , a0,m, a1,1 , . . . , a1,m , . . . ,
. . . , an,1 , . . . , an,m) [ P(n11)mi51 Fp : b˜N,B formed with this vector satis-
fies (18)j.
But we can observe that in b˜N,B for each ak,j there exist m entries as
ak,jwl , 1 # l # m. For v 5 0 we have a submatrix A*N,B of A˜N,B
A*N,B 53
1 j1,0 ? ? ? j n1,0
1 j2,0 ? ? ? j n2,0
.
.. .
.. .
..
1 jn11,0 ? ? ? j nn11,0
453
1 x1 ? ? ? xn1
1 x2 ? ? ? xn2
.
.. .
.. .
..
1 xn11 ? ? ? xnn11
4 ,
which is a Vandermonde matrix.
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Therefore dimhb˜N,B [ P(n11)m
2
i51 Fp : b˜N,B satisfying (18)j # (n 1 1)m2 2
(n 1 1). Since there is an m to 1 map from this kernel [ P(n11)m
2
i51 Fp
to Ker(t) [ P(n11)mi51 Fp , we have dim(Ker(t)) # 2[2(n 1 1)m 1
(n 1 1)/m]. Therefore
rank(t) $ (n 1 1)m 1 F2(n 1 1)m 1 n 1 1m G5 Fn 1 1m G . n
3. PROOF OF THEOREM 1
First we will prove Theorem 1 for the generalized Legendre symbol in
Proposition 1.
PROPOSITION 1. Let q 5 pm, p an odd prime number, B 5 hx1 , x2 , . . . ,
xNj # Fq an arbitrary subset of Fq . Assume N 5 c(q) log q and n $ 1 is an
integer satisfying
n $
N log 2
log q
2
N log(1 2 1/q) 1 log(1 2 Kq(1 2 1/q)2N)
log q
(20)
1
log(1 2 22N)
log q
1 RN,q ,
where
0 # Kq # 5 log
q
q 2 1
(21)
and
uRN,qu # SM log qq D2 1(1 2 1/q)N 2 Kq (22)
and also where
(i) if c(q) R y as q R y, then M 5 e/log 2;
(ii) if there exists C9 such that c(q) # C9 as q R y, then M 5 C9.
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Then there exists a monic square free polynomial f (x) in Fq[x] of degree #
2n such that
ON
j51
S f (xj)q D5 N,
where (·/q) is the generalized Legendre symbol.
Proof. Let A*n be the set of all monic polynomials in An , which is the
set defined in Lemma 1. Then
uA*n u 5
uAnu
q
$ qn SS1 2 1qDN 2 KqD1 Cq,N,nq .
For each polynomial in A*n assign an N-tuple as follows:
fi [ A*n ° ci [ p
N
i51
h21, 1j
ci 5 SSfi(x1)q D , Sfi(x2)q D , . . . , Sfi(xN)q DD .
If uA*n u $ 2N 1 1, then there exist at least two equal N-tuples c1 5 c2 where
f1 ò f2 . Define f as f 5 f1 f2 . Since fi is a square-free polynomial i 5 1, 2,
f is not a square polynomial. Moreover ( f(xj)/q) 5 1 for each j 5 1,
2, . . . , N. So
ON
j51
Sf (xj)q D5 N and deg f # 2n
and
2N 1 1 # qn SS1 2 1qDN 2 KqD1 Cq,N,nq # uA*n u,
whenever
n $
N log 2
log q
2
N log(1 2 1/q) 1 log(1 2 Kq(1 2 1/q)2N)
log q
1
log(1 1 22N)
log q
1 log S1 1 Cq,N,nqn11((1 2 1/q)N 2 Kq)D .
If c(q) # C9, then ( Nn11) # Nn11/(n 1 1)! # (C9 log q)n11.
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If c(q) R y as q R y, then using Stepanov’s result n 1 1 R y as q R
y and
n $
(N 1 1) log 2
log q
1 1 ⇒
N
n 1 1
#
log q
log 2
.
Now using Stirling’s formula for ( Nn11), i.e.,
log N! 5 SN 1 12D log N 2 N 1 C 1 O S1ND ,
where C 5
1
2
log 2f as q R y,
we get
S Nn 1 1D5 S Nn 1 1Dn11 1Ïn 1 1 e(n11)(12(2n11)/2N)(12O((n11)/N))2C1O(1/(n11)11/(N2n21)).
So
S Nn 1 1D# Slog qlog 2Dn11 e n11 5 S elog 2 log qDn11.
Thus uCq,N,nu # (M log q)n11, where if c(q) is bounded by C9, then M $
C9; else M 5 e/log 2. But
Ulog S1 1 Cq,N,nqn11((1 2 1/q)N 2 Kq)DU# SM log qq D
2 1
(1 2 1/q)N 2 Kq
.
Thus
n $
N log 2
log q
2
N log(1 2 1/q) 1 log(1 2 Kq(1 2 1/q)2N)
log q
1
log(1 2 22N)
log q
1 RN,q ,
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where
uRN,qu # SM log qq D2 1(1 2 1/q)N 2 Kq .
If f (x) is square-free, then we are done. Otherwise f (x) 5 f 9(x)(g(x))2,
where f 9(x) is a square-free polynomial. Thus deg f 9(x) # deg f (x) and
x( f 9(x)) 5 x( f(x)) for each x [ B. Therefore f 9(x) satisfies the condi-
tions. n
This proposition easily extends to the case of general multiplicative char-
acters.
Proof of Theorem 1. Assume f1 and f2 are distinct polynomials of degree
# n, not vanishing in B and they are not of the form g(x)2h(x), where g(x)
is a monic irreducible polynomial, i.e., square-free. Then
f i11 f
s2i1
2 ; f
i2
1 f
s2i2
2 ⇔ f
i12i2
1 ; f
i12i2
2 ⇔ i1 5 i2
by unique factorization. Let A*n be the set defined in the proof of Proposition
1. We know
uA*n u 5
uAnu
q
$ qn SS1 2 1qDN 2 KqD1 Cq,N,nq ,
where
0 # Kq # 5 log
q
q 2 1
and uCq,N,nu # S Nn 1 1D .
Thus if
qn SS1 2 1qDN 2 KqD1 Cq,N,nq $ sN 1 1 (23)
there exist at least two polynomials f1 ò f2 such that
x( f1(xj)) 5 x( f2(xj)) for each j 5 1, 2, . . . , N.
Define hi 5 f i1 f s2i2 , i 5 1, 2, . . . , s 2 1. Then
x(hi(xj)) 5 x( f i1(xj))x( f s2i2 (xj)) 5 x( f s2(xj)) 5 1
for each j 5 1, 2, . . . , N.
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Moreover hi1 ò hi2 if i1 ? i2 , il 5 1, 2, . . . , s 2 1. Therefore if the inequality
(23) is satisfied, then there exist (s 2 1) distinct monic polynomials satisfying
the condition which are not in (Fq[x])s. The inequality is satisfied whenever
n $
N log s
log q
2
N log(1 2 1/q) 1 log(1 2 Kq(1 2 1/q)2N)
log q
1
log(1 1 s2N)
log q
1 log S1 1 Cq,N,nqn11((1 2 1/q)N 2 Kq)D .
If c(q) # C9, then ( Nn11) # Nn11/(n 1 1)! # (C9 log q)n11.
If c(q) R y as q R y, then we can extend Stepanov’s result for any
multiplicative character of exponent s such that if sN 1 1 # qn/2n there
are s 2 1 different nontrivial polynomials which are mapped to 1 at each
point in B. This implies
N
n 1 1
#
N log q
N log s 1 log(1 1 s2N) 1 log(2n) 1 log s
#
log q
log s
.
By using Stirling’s formula ( Nn11) # (log q/log s)n11en11 5 ((e/log s) log q)n11.
So we can take M 5 e/log s. Thus
Ulog S1 1 Cq,N,nqn11((1 2 1/q)N 2 Kq)DU# SM log qq D
2 1
(1 2 1/q)N 2 Kq
.
Similar to the proof of Proposition 1, if hi(x) is not sth-power free, then
hi(x) 5 h9i (x)(gi(x))s, where h9i (x) is sth-power free and satisfies the condi-
tions for i 5 1, 2, . . . , (s 2 1). n
4. PROOF OF THEOREMS 2 AND 29
Proof of Theorem 2. Let 1 # n # q1/2 be an integer. Define k 5 [n/p].
Let C be the set of all polynomials f in Fq[x] which are not identically zero
having the property that 1 # deg f # n and the coefficients of xpi are zero
for each i 5 0, 1, . . . , k. Namely C 5 h(a1x 1 · · · ap21xp21) 1 (ap11
xp11 1 · · · 1 a2p21x2p21) 1 · · · 1 (akp11xkp11 1 · · · 1 anxn) u ai [ Fq ,
not each ai is zeroj.
Then the cardinality of C is uCu 5 qn2[n/p] 2 1. If f1 , f2 [ C and f1 ? f2 ,
then (deg( f1 2 f2), p) 5 1. So since deg( f1 2 f2) # n # q1/2 by Weil’s
theorem for additive characters (see for example [1], Theorem 5.28, p. 223])
tr( f1 2 f2)(Fq) ? h0j.
INCOMPLETE CHARACTER SUMS 189
Let K 5 [(p 2 1)/p« 1 1]. Define Ui 5 [(i 2 1)«, i«), 1 # i # K as an
interval in [0, (p 2 1)/p 1 «) and (p 2 1)/p [ UK . Ui > Uj 5 B if i ? j.
For each f [ C define an N-tuple as follows:
G( f ) 5 (l1 , l2 , . . . , lN), where
tr( f (xi))
p
[ Uli , li [ 1, 2, . . . , K, and 1 # i # N.
There are KN distinct values on the image of G. If uCu $ KN 1 1 there are
at least two distinct polynomials f1 , f2 in C such that
Utr( f1 2 f2)(xi)p U# « for each i 5 1, 2, . . . , N.
Let f 5 f1 2 f2 . Then
UON
i51
c( f (xi))U5 UON
i51
e2fi(tr( f (xi))/p)U$ ON
i51
Re(e2fi(tr( f (xi))/p))
5 ON
i51
cos S2f tr( f (xi))p D .
Using cos x 5 cos uxu $ 1 2 uxu
cos S2f tr( f (xi))p D$ 1 2 2f«.
Thus uoNi51 c( f(xi))u $ N(1 2 2f«).
We know uCu 5 qn2[n/p] 2 1. Thus whenever KN 1 1 # qn2[n/p] 2 1 the
existence of such f is guaranteed. But this means
n 2 F npG$ N log([(p 2 1)/p« 1 1]) 1 log(2 1 [(p 2 1)/p« 1 1]2N)m log p . n
Proof of Theorem 29. Let An be the set of all polynomials in Fq[x] whose
degree is # n. Let f1 [ An . Denote by k the dim(Ker(t)) and let r 5
rank(t), where t is the map defined in lemmas. Then define
S1 5 hg1 [ An : tr((g1 2 f1)(xi)) 5 0 for each i 5 1, 2, . . . , Nj # An .
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Let f2 [ An\S1 . Define
S2 5 hg2 [ An : tr((g2 2 f2)(xi) 5 0 for each i 5 1, 2, . . . Nj # An .
Let fj [ An\<
j21
i51 Si for j 5 3, 4, . . . , m, where
Sj 5 hgj [ An : tr((gj 2 fj)(xi) 5 0 for each i 5 1, 2, . . . Nj # An .
Thus uSju 5 pk for j 5 1, 2, . . . , l and l 5 pr. Define C 5 h f1 , f2 , . . . ,
flj # An . uCu 5 pr and r $ [(n 1 1)/m] (resp. n 1 1 if hx1 , x2 , . . . , xNj
are collinear) by Lemma 3 (resp. Lemma 2).
Let K 5 [(p 1 p«)/(1 1 p«)]. Define Ui 5 [(i 2 1)(1/p 1 «), i(1/p 1
«)), 1 # i # K as an interval in [0, 1 1 «) and (p 2 1)/p [ UK . By similar
arguments as in the proof of Theorem 2, if KN 1 1 # pr # p[(n 1 1)/m]
(resp. pn11) there exists a polynomial f of degree # n such that
UON
i51
c( f (xi))U$ N S1 2 2f S1p 1 «DD .
But this means
Fn 1 1m G (resp. n 1 1)
.
N log [(p 1 p«)/(1 1 p«)] 1 log(1 1 [(p 1 p«)/(1 1 p«)]2N)
log p
.
Moreover tr( f (B)) ? h0j by Lemma 3 (resp. Lemma 2). n
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